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Although excellent progress has been made in deriving algorithms that are efficient for certain combinations
of system topologies and concurrent multiprocessing hardware, several issues must be resolved to incorporate
transient simulation in the control design process for large space structures. Specifically, strategies must be
developed that are applicable to systems with numerous degreees of freedom. Algorithms are required that
induce parallelism on a fine scale, suitable for the emerging class of highly parallel processors. This paper
addresses these problems by employing the range space formulation of multibody dynamics and solving for
multipliers using the preconditioned conjugate gradient method. By employing regular ordering of the system
connectivity graph, an extremely efficient preconditioner can be derived from the range space metric. The
method can achieve performance rates that depend linearly on the number of substructures. Furthermore, the
approach is promising as a potential parallel processing algorithm in that it exhibits fine parallel granularity, is
nonassembling, and is easily load balanced among processors without relying on system topology to induce
parallelism.

Introduction

T HERE is no doubt that an effective design process for
large space structures such as the space station absolutely

requires that high-fidelity simulations of the transient response
to control inputs be rapidly attainable. Much research has been
carried out over the past few years that concentrates on im-
proving the performance of methods for simulating the dy-
namics of nonlinear, multibody systems.1"4 The research has
been primarily devoted to the derivation of more efficient
formulations of multibody dynamics and to the derivation of
parallel processing algorithms.

Perhaps the most significant research addressing these two
areas has been the introduction of the recursive, order TV or
0(TV) algorithms5 and their subsequent refinements for sys-
tems of rigid bodies.4'6 These methods are 0(N) in the sense
that the computational cost of the solution procedure is linear
in the number of degrees of freedom TV of the system,4 whereas
conventional Lagrangian formulations are of cubic order. The
conclusion that the Lagrangian methods are of cubic order
derives from the fact that a system generalized mass/inertia
matrix of dimension TV x TV must be factored at each time step.
Just as importantly, the computational structure of the re-
cursive 0(TV) algorithms is amenable to parallel computation
for some system topologies. If the system to be modeled
has many independent branches in its system connectivity
graph, the computational work required by the algorithm can
be distributed among processors by assigning branches to in-
dependent processors. Because of the system connectivity
and specific hardware architecture, excellent performance im-
provements and processor utilization are achieved.6 Because of
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these successes for rigid-body simulations, it is well-known
that many research institutions are investigating adaptations
of the original recursive method to ever wider classes of sys-
tems. No doubt, the result will be highly efficient algorithms
that perform well. Still, three key goals must be resolved be-
fore a general parallel processing algorithm can be obtained.

1) Algorithms are required that induce parallelism on a
finer scale, suitable for the emerging class of highly parallel
processors.

2) Concurrent transient simulation methods must be auto-
matically load balancing for a wider collection of combina-
tions of mechanical systems and concurrent multiprocessing
hardware.

3) The transient simulation method should also be amen-
able to vector processing implementation on each independent
concurrent multiprocessor.

These goals should be very challenging if the algorithm is
based upon a recursive 0(TV) formulation.

An innovative strategy based on the stated goals is derived
in this paper. In part, its foundation can be traced to element-
by-element methods already in use in finite-element solution
procedures.7 The combination of the range space formulation
with the preconditioned conjugate gradient solution results in
an extremely efficient sequential algorithm for a class of prob-
lems described in the paper. The efficiency is primarily due to
the selection of a block Jacobi preconditioner that is rapidly
convergent. The method is nonassembling, and as a result, it
does not require a large amount of in-core storage. Conse-
quently, it is also attractive as a candidate for implementation
on workstations. Current studies, described herein, indicate
that due to the rapid convergence achieved by using the se-
lected preconditioner, the method can achieve performance
rates that depend linearly upon the number of substructures.

The method should be readily implementable on parallel
processors since a vast literature exists on the amenability of
the preconditioned conjugate gradient solution procedure to
both concurrent and vector processing. The method is rela-
tively easily load balanced among processors and does not rely
upon system topology to induce parallelism.

This paper focuses on the fundamental dynamical formu-
lation using a combination range space/preconditioned con-
jugate gradient solution, and its performance on sequential
computing machines.8 Although the potential application of
the method on parallel architectures is outlined, the details of
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a concurrent implementation are presented in a forthcoming
paper.9

Governing Equations
The range space formulation of dynamics has been derived

in the aerospace and mechanism dynamics research literature
in Refs. 10-12. Its theoretical foundation can be traced to the
range space formulation of constrained quadratic optimiza-
tion.13 Despite the fact that it is often less computationally
expensive than the null-space methods, the null-space method
seems to have received more attention in the literature.14'17

The dynamics of a nonlinear, multibody system are gov-
erned by the collection of differential-algebraic equations

(1)

(2)

where q is the vector of generalized coordinates of length N,
M the generalized matrix of inertias, and X is the vector of
Lagrange multipliers of length d. When the constraints are
holonomic, C is the constraint Jacobian matrix. If Eq. (2) is
differentiated with respect to time t, an expression involving
the second derivatives of the generalized coordinates is ob-
tained as follows:

subject to constraints in linear, nonholonomic form

dC— (3)

The range space solution is found by explicitly solving for the
multipliers X using Eqs. (1) and (3)

(CAf-1Cr)X= -CM~lf (4)

We refer to the coefficient matrix of X in Eq. (3) as the con-
straint metric. Substituting for X in Eq. (1) results in a system
of ordinary differential equations given by

q = (5)

Any standard explicit-predictor/implicit-corrector or Runge-
Kutta integration scheme can be applied to these equations
provided that the condition number of the constraint metric
does not become too large. The condition number of a matrix
A is given by

(6)

The restriction that the condition number remains small pre-
cludes the possibility of redundant constraints (for example, as
associated with singularities arising from closed loops) and
remains an underlying assumption throughout the rest of the
paper.

One advantage of the range space equations for systems
having many independent structures to be assembled is that the
system coefficient matrix is block diagonal. Consequently, the
factorization and back substitution required to solve a system
of equations involving the mass matrix is relatively inexpen-
sive. It requires that one calculate the factorization of the
individual substructure mass matrices alone as opposed to the
factorization of the system mass matrix. In fact, one need not
even assemble the system mass matrix, and the factorizations
can occur in parallel. Unfortunately, if one subdivides the
overall system into finer collections of substructures (to facili-
tate the factorization of the system coefficient matrix), numer-
ous constraints are introduced into the model.

The approach taken in this paper is to finely subdivide the
system to be modeled and thus accrue the benefits of having a
system coefficient matrix with smaller block diagonals, but
also employ a solution procedure that ameliorates the cost

associated wih the increasing dimensionality of the constraint
metric. Specifically, the solution for the Lagrange multipliers
in Eq. (3) is carried out using the preconditioned conjugate
gradient procedure.

Preconditioned Conjugate Gradient Solution
The preconditioned conjugate gradient procedure is an "ac-

celerated" variant of the classical conjugate gradient proce-
dure.18 The preconditioned conjugate gradient algorithm to
solve the linear system of equations

Ax =b (7)

is given in Table 1. Careful inspection of the algorithm shows
that the most computationally expensive tasks in the proce-
dure are the calculation of the product of the coefficient ma-
trix A and a given residual vector and a solution of a linear
system of equations requiring the factorization of the precon-
ditioner Q.

The rate of convergence of the preconditioned conjugate
gradient algorithm is accelerated by employing a user defined
"preconditioning matrix." This matrix must have two proper-
ties to be an effective preconditioner:

1) It must be relatively easy to factor.
2) It must be an approximate inverse of the constraint met-

ric in a sense to be made precise in the following.
The reason for employing the preconditioned conjugate gra-

dient solution method is that the convergence rate of the con-
jugate gradient algorithm (that is, with Q being the identity
matrix) is governed by

\\x-xk\A
(8)

Thus, the rate of convergence of the algorithm improves as the
condition number of A, K(A), decreases. The convergence of
the preconditioned conjugate gradient method is governed by
the same expression,18 but with A replaced by

Q~l/2AQ (9)

Clearly, if the preconditioner is identical to the coefficient
matrix A, then the condition number is minimized. Hence, the
preconditioner sought should be such that its inverse approxi-
mates the inverse of the coefficient matrix. Many methods
exist for the calculation of preconditioners. It should be noted
that whereas the motivation for the use of many of these
preconditioners is mathematically sound, the final choice in-
variably involves some heuristic.

The choice of the preconditioners employed in this paper is
based upon the following assumptions regarding the struc-
tural/mathematical system to be modeled:

1) The system closely resembles a series of chains of bodies.
2) The number of interface degrees of freedom is small

relative to the number of interior degrees of freedom for a sub-
structure.

Table 1 Preconditioned conjugate gradient algorithm

Initial guess XQ
ro = b -Axo
for k = 1 • • • max, where max is the maximum number of

iterations allowed

Else
x=xic~\, exit loop!

Solve QZk- i = r*— i , where Q is the preconditioner matrix
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Fig. 1 63-degrees-of-freedom Z-truss substructure.

3) The system does not contain any closed chains.
To a large extent, these assumptions have been motivated by
the physical structure of the space station in its assembly com-
plete configuration.

The preconditioner for the system constraint metric,
CM~ 1CT, is based on the topology of a chain of substructures.
If there are k constraint interfaces with df constraints at the /th
interface, the constraint Jacobian matrix connecting two bod-
ies at the /th interface can be denoted as

(10)

The system constraint Jacobian matrix has the form

[C,I
[C2]

[Q]

(ii)

The system constraint metric can then be written as

• • • [C,][M]-'[a]r

[C2]lAf]-l[C2]

[Ck](M]-l(C2]T

(12)

Based on the structure of the constraint metric [Eq. (12)], the
preconditioner is selected to be the block diagonal matrix

IC2]IM]

(13)

for (14)

are not generally identically equal to zero, this choice of pre-
conditioner is shown to be extremely efficient for the class of
problems described in the next section. Furthermore, this pre-
conditioner satisfies the two essential criteria of good precon-
ditioner s.

1) It is block diagonal, with small diagonal blocks, and, as
a result, is relatively easy to factor.

2) It has an inverse that provides a good approximation to
the inverse of the full system coefficient matrix.

This latter conclusion results from the well-known fact19

that the directed graph representing the connectivity of an
open-loop system can be regularly ordered. The regular order-
ing results in a system constraint metric that has a reduced
bandwidth. That is, many of the off-diagonal blocks are iden-
tically equal to zero for / >j. The choice of the preconditioner
shown is often called the block Jacobi preconditioner and is
known to be highly effective for classes of systems of equa-
tions arising from elliptic partial differential equations.

Example Simulations
For purposes of illustration, only linear simulations are con-

sidered herein. Similar results for nonlinear multibody systems
have been presented.9'20 To establish the efficiency and perfor-
mance of the combined range space/preconditioned conjugate
gradient algorithm, several transient simulations have been
carried out. The first such simulation has been designed to
answer two key questions regarding the feasibility of the ap-
proach for multibody structures:

1) How efficient is the selected preconditioner and how
does the preconditioner improve the effectiveness of the conju-
gate gradient iteration processes as a whole?

2) How efficiently can the transient response be carried
out? In particular, what is the computational cost of solving
the constraint metric factorization at each time step?

These two questions, that is, preconditioner efficiency and
constraint metric factorization were judged to the crucial com-
putational bottlenecks for the algorithm as a whole.

The two substructures selected for evaluation of the algo-
rithm in studying its feasibility are shown in Figs. 1 and 2.
Figure 1 shows a 63-degrees-of-freedom Z-truss substructure
comprised of rod elements generated by the finite element
modeling program, MSC PAL. The second assembly, shown
in Fig. 2, is a 54-degrees-of-freedom X-frame substructure
comprised of three-dimensional beam elements generated by
the same program. Figures 3 and 4 illustrate that a remarkable

Fig. 2 54-degrees of-freedom X-frame substructure.
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Fig. 3 Iterations as a function of number of degrees of freedom for
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Fig. 4 Iterations as a function of number of degrees of freedom for
X-frame structure.

convergence rate is achieved using the preconditioner derived
from the regularly ordered graph of the constraint metric. In
Fig. 3 the number of iterations required by the preconditioned
conjugate gradient algorithm to converge to a tolerance of
le-14 of the true solution is plotted versus the number of
degrees of freedom on the horizontal axis. Thus, the number
of flexible degrees of freedom on the horizontal axis varies
from 126 to 504 as substructures are cantilevered end-to-end.
As clearly illustrated in the diagram, the number of precondi-
tioned conjugate gradient iterations remains constant, and
equal to three independent of the number of total degrees of
freedom. The other line plotted on the graph is the analytical
upper limit to the number of iterations required for the conju-
gate gradient method. Completely analogous results are de-
picted in Fig. 4. In this case the number of total flexible degrees
of freedom in the structure varies from 108 to 324, and the
number of iterations of the preconditioned conjugate gradient
algorithm required to achieve convergence to a tolerance of
le-14 is plotted on the vertical axis. Again, independent of
the number of degrees of freedom, the number of iterations
remains constant and equal to four. Consequently one can
conclude that the algorithm for generating the preconditioner
is indeed extremely efficient for the test problems simulated.

Figures 5 and 6 depict the total time required per time step
to solve the "inversion" of the system constraint metric. Fig-
ure 5 depicts the corresponding results for the Z-truss, whereas
Fig. 6 depicts the results for the X-frame. In both cases it is
clear that the simulation time grows linearly as a function of
the total number of flexible degrees of freedom. To the au-
thors' knowledge, no such result for flexible bodies has been
presented to date.

The merits of the approach described in this paper have been
demonstrated using the Z-truss and X-frame substructures.
This section presents corresponding results for a 13 substruc-
ture model of the space station. An early version of the space
station in its assembly complete configuration is shown in
Fig. 7. For purposes of demonstrating the proposed methodol-
ogy, the solar panel sections and the habitation modules have
not been modeled in the numerical simulations. Figure 8 shows
the decomposition of the model into 13 constituent substruc-
tures, with each substructure showing its relative location in
the space station and the number of degrees of freedom. The
substructures are modeled using beam elements and, as a re-
sult, each node has six degrees of freedom. Figure 9 shows the
CPU time required per time step of simulation as more sub-
structures are added. As demonstrated for the previous cases,
the simulation time does grow as a linear function of the
number of degrees of freedom. Figure 9 illustrates the impor-
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Fig. 5 CPU time per time step for factorization of the constraint
metric for Z-truss.
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Fig. 6 CPU time per time step for factorization of the constraint
metric for X-frame.
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Fig. 7 Schematic of space station model.
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Body 2: Starboard Solar Array Base 2
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Body 3: Starboard Solar Array Base 3
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Fig. 8 Decomposition of space station model into 13 substructures.
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Fig. 10 Iterations as a function of number of substructures.

tant fact that, again, the primary computational cost of the
algorithm is associated with 1) system matrix multiplication
and 2) application of the preconditioner.

Both of these operations are parallelizable with little effort
due to their block diagonal structure. Figure 10 shows that the
number of preconditioned conjugate gradient iterations re-
quired for convergence is nearly independent of the number of
substructures or degrees of freedom employed in the model.

Potential for Parallelism
As noted earlier, most work to date in deriving concurrent

algorithms for multibody simulation have been based on the
recursive 0(N) algorithm. Typically, concurrence in these
methods has been induced by assigning independent branches
in the connectivity graph of the system to independent proces-
sors. It is important in evaluating these methods to realize their
inherent attributes that complicate efforts to derive general
concurrent multiprocessing algorithms.

1) These methods depend upon system topology to induce
parallelism.

2) These methods induce parallelism on a large scale or in a
"large granularity."

Now, for a subclass of present-day computer architectures
and a subclass of systems to be simulated, these approaches are
extremely efficient. For example, hardware configured with a
few independent processors such as are available from Cray:
~4 processors, Flex: — 8 processors, and Alliant: ~8 proces-
sors can be employed easily with the recursive, 0(7V) algo-
rithms. Likewise, systems that have a matching number of
independent branches will provide good examples of perfor-
mance and processor utilization. The trend in parallel comput-
ing architectures is toward more independent processors, po-
tentially with vector processor capabilities. Recent examples
include BBN Butterfly: -32 processors, N-Cube: -32+ pro-
cessors, and Capps 9064: —32 processors.

Strategies that induce parallelism by assigning independent
branches of the mechanical system to independent processors
currently fail to make full use of the computing power of these
latter architectures. Furthermore, many structures of interest
today, such as the space station, seldom exhibit such redun-
dant topology.

The concurrent multiprocessing strategy proposed for the
range space/preconditioned conjugate gradient algorithm has
the following advantageous features:

1) It induces parallelism on a fine scale, suitable for the new
class of processors.

2) It is essentially load balancing.
3) The method can use existing symbolic equation gen-

eration codes to generate appropriate, efficient substructure
equations.

4) The preconditioned conjugate gradient solution has well-
documented amenability to concurrent and vector process-
ing techniques. The block diagonal structure of the system
coefficient matrix and preconditioner make this even more
apparent.

Conclusions
Although the recursive, 0(7V) multibody dynamics formula-

tions can yield excellent performance in many simulations,
they are not a panacea as regards applications to all classes of
problems in multibody dynamics. The benefits of the method
for simulating systems with thousands of degrees of freedom,
such as the space station, have yet to be firmly established. An
alternative nonrecursive, 0(N) algorithm has been presented
in this paper that has many advantages for a sequential com-
puting environment including the fact that it is rapidly conver-
gent, it can achieve Q(N) computational cost and is nonassem-
bling. In addition, the method exhibits fine parallel granularity
suitable for the emerging computer architectures and is easily
load balanced among a large number of multiprocessors. The
results of the parallel implementation are deferred to a future
paper.9 Although the examples have been limited to linear
systems, the formulation is applicable to nonlinear, multibody
simulations.20
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